Introduction {#Sec1}
============

The idea of noncommutative quantum field theory originates from the 1940s, when it was applied to cure the divergencies in quantum field theory before the renormalization approach was born \[[@CR1]\]. It was demonstrated that the divergencies were not removed \[[@CR2]\]. Later on, it was shown in \[[@CR3]\] that the noncommutative quantum field theory describes effectively the low energy limit of the string theory on a noncommutative manifold. In the simplest case, the description of the noncommutative space-time is given by a constant parameter, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\theta ^{\mu \nu }$$\end{document}$, of which the space-space (-time) components correspond to the magnetic (electric) field. The space-time noncommutative field theories suffer from the unitarity violation of the S-matrix \[[@CR4]\] while the space-space noncommutative field theories face another obstacle, mixing of ultraviolet and infrared singularities \[[@CR5]\]. The problem of the non-unitary S-matrix was studied in \[[@CR6]--[@CR8]\] but these works include some inconsistencies.

In fact, space-time noncommutativity leads to the higher orders of time derivatives of the fields in the Lagrangian which make the quantization procedure of the theory different from that of the commutative counterpart. For example in \[[@CR9]\], the perturbative quantization of the noncommutative QED in $\documentclass[12pt]{minimal}
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                \begin{document}$$1+1$$\end{document}$ dimensions has been analyzed up to $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal {O}}(\theta ^{3})$$\end{document}$.

In the present work, the noncommutative two-dimensional QED with massless fermions in Euclidean space $\documentclass[12pt]{minimal}
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                \begin{document}$$(x_{2}\equiv it)$$\end{document}$ is considered. The purpose of this paper is to concentrate on the mass spectrum of the theory at higher loops. The commutative counterpart of this model, the Schwinger model, was studied in \[[@CR10]\] where it was shown that the photon in two dimensions acquires dynamical mass, arising from the loop effect, without gauge symmetry breaking. The mass spectrum of the Schwinger model contains a free boson with a mass proportional to the dimensionful coupling constant. Fermions disappear from the physical states due to the linearity of the potential that is similar to the quark confinement potential in quantum chromodynamics (QCD). Hence, the Schwinger model can be a toy model to understand the quark confinement. The extension of the Schwinger model to the noncommutative version as regards different aspects has been addressed in \[[@CR9], [@CR11]--[@CR16]\]. Here, we focus on the dynamical mass generation in the noncommutative space.

This paper is organized as follows: in Sect. [2](#Sec2){ref-type="sec"}, we introduce the noncommutative Schwinger model in the light-cone coordinates in order to simplify our calculations. In Sect. [3](#Sec3){ref-type="sec"}, to obtain the mass spectrum of the theory at two- and three-loop order, the photon self-energy is studied. Using the explicit representation of the Dirac $\documentclass[12pt]{minimal}
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                \begin{document}$$\gamma $$\end{document}$-matrices provides a straightforward method to compute the trace of the complicated fermionic loops. Then it is shown that the noncommutativity does not affect the Schwinger mass at these levels. The computations of Sect. [3](#Sec3){ref-type="sec"} are extended to all orders in Sect. [4](#Sec6){ref-type="sec"} where the exact mass spectrum is also obtained. In Sect. [5](#Sec7){ref-type="sec"}, we demonstrate that the noncommutative one-loop effective action for the photon is exactly the same as the commutative counterpart. Finally, Sect. [6](#Sec8){ref-type="sec"} is devoted to the concluding remarks.

Noncommutative Schwinger model in the light-cone coordinates {#Sec2}
============================================================

The Lagrangian of the noncommutative Schwinger model can be obtained from its commutative counterpart by replacing the ordinary product with the star-product, which is defined as follows:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} f(x)\star g(x)\equiv \exp \left( \frac{i\theta _{\mu \nu }}{2}\frac{\partial }{\partial a_{\mu }}\frac{\partial }{\partial b_{\nu }}\right) f(x+a)g(x+b)\Bigg |_{a=b=0},\nonumber \\ \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$\theta _{\mu \nu }$$\end{document}$ is an antisymmetric constant matrix related to the noncommutative structure of the space-time. In two-dimensional space-time, $\documentclass[12pt]{minimal}
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                \begin{document}$$\theta _{\mu \nu }$$\end{document}$ can be written as the antisymmetric tensor $\documentclass[12pt]{minimal}
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                \begin{document}$$\epsilon _{\mu \nu }$$\end{document}$, which preserves the Lorentz symmetry, namely$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}{}[x_{\mu },x_{\nu }]=\theta \epsilon _{\mu \nu }. \end{aligned}$$\end{document}$$To avoid the unitarity problem in the noncommutative space-time field theories, we use the Euclidean signature throughout this paper. The Lagrangian of the two-dimensional noncommutative massless QED is given by$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} {\mathcal {L}}&= -i\bar{\psi }\star \gamma _{\mu }\partial ^{\mu } \psi +e \bar{\psi }\star \gamma _{\mu }A^{\mu }\star \psi +\frac{1}{4}F_{\mu \nu }\star F^{\mu \nu }\nonumber \\&+\frac{1}{2}(\partial _{\mu } A^{\mu })\star (\partial _{\nu } A^{\nu })\nonumber \\&-\partial _{\mu }\bar{c}\star (\partial ^{\mu }c-ie[A^{\mu },c]_{\star }), \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$F_{\mu \nu }$$\end{document}$ is defined as$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} F_{\mu \nu }= \partial _{\mu } A_{\nu }-\partial _{\nu } A_{\mu }+ie [A_{\mu },A_{\nu }]_{\star }, \end{aligned}$$\end{document}$$with $\documentclass[12pt]{minimal}
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                \begin{document}$$[A_{\mu },A_{\nu }]_{\star } = A_{\mu }\star A_{\nu }-A_{\nu }\star A_{\mu }$$\end{document}$. One of the useful properties of the two-dimensional space is that our calculations in the light-cone coordinates, $\documentclass[12pt]{minimal}
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                \begin{document}$$x_{\pm }=x_{1}\pm ix_{2}$$\end{document}$, are simplified significantly. The Lagrangian ([2.3](#Equ3){ref-type=""}) in the light-cone gauge, $\documentclass[12pt]{minimal}
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                \begin{document}$$A_{-}=0$$\end{document}$, has the following form:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} {\mathcal L }&= -\frac{i}{2}\bar{\psi }\star (\gamma _{+}\partial _{-}+\gamma _{-}\partial _{+})\psi +\frac{e}{2} \bar{\psi }\star \gamma _{-} A_{+}\star \psi \nonumber \\&+\frac{1}{2}(\partial _{-}A_{+})\star (\partial _{-}A_{+}), \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$\gamma _{\pm }=\gamma _{1}\pm i\gamma _{2}$$\end{document}$ and $\documentclass[12pt]{minimal}
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                \begin{document}$$A_{\pm }=A_{1}\pm iA_{2}$$\end{document}$.

In this particular gauge, the non-linear term in the field strength tensor is removed. Therefore, the photon self-interaction parts, three- and four-photon interaction vertices, are eliminated and the ghost fields are decoupled from the theory. The resulting Feynman rules are shown in Fig. [1](#Fig1){ref-type="fig"}.Fig. 1Feynman rules for noncommutative Schwinger model in the light-cone gauge
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                \begin{document}$$\gamma _{-}$$\end{document}$ appears in the fermion--photon vertex.

Two- and three-loop noncommutative correction to the Schwinger mass {#Sec3}
===================================================================

As was mentioned before, Schwinger showed that the photon in two dimensions acquires dynamical mass, $\documentclass[12pt]{minimal}
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                \begin{document}$$\mu =\frac{e}{\sqrt{\pi }}$$\end{document}$. This mass generation originates from the presence of a special singularity in the scalar vacuum polarization at one-loop order. Using the non-perturbative method shows that the obtained mass does not receive any correction from loops at higher orders \[[@CR10], [@CR17]\]. The noncommutative extension of this kind of mass generation at one-loop level was discussed in \[[@CR14]\] where it was proved that the Schwinger mass gets no noncommutative correction in this order. Higher-loop contributions, e.g. two- and three-loop contributions, have been pointed out in \[[@CR15]\] without explicit computation of the loop integrals.

At two-loop order, there is only one diagram with $\documentclass[12pt]{minimal}
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                \begin{document}$$\theta $$\end{document}$-dependent phase factor, but the three-loop order includes three $\documentclass[12pt]{minimal}
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                \begin{document}$$\theta $$\end{document}$-dependent graphs. It is shown that the two- and three-loop computations are very similar. However, the analysis of the relevant three-loop graphs is a bit more complicated than that of the two-loop graph.

The general structure of the exact photon propagator[1](#Fn1){ref-type="fn"} in two-dimensional noncommutative space is the same as its commutative counterpart \[[@CR14]\], namely$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} D^{\mu \nu }(q)=-\frac{\delta ^{\mu \nu }}{q^{2}[1+\Pi (q^{2})]}, \end{aligned}$$\end{document}$$where the scalar vacuum polarization, $\documentclass[12pt]{minimal}
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                \begin{document}$$\Pi (q^{2})$$\end{document}$, is related to its tensor form via the following:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \Pi ^{\mu \nu }=(q^{2}\delta ^{\mu \nu }-q^{\mu }q^{\nu })\Pi (q^{2}), \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$\Pi (q^{2})$$\end{document}$ includes the commutative and noncommutative parts. The pole structure is obtained from the following limit:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \lim \limits _{q^{2}\rightarrow 0}q^{2}\Pi (q^{2},e^{2},\theta )&= \lim \limits _{q^{2}\rightarrow 0}q^{2}\Pi _{\text{ c }}(q^{2},e^{2})\nonumber \\&+\lim \limits _{q^{2}\rightarrow 0}q^{2}\Pi _{\text{ nc }}(q^{2},e^{2},\theta ), \end{aligned}$$\end{document}$$with fixed $\documentclass[12pt]{minimal}
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                \begin{document}$$\theta $$\end{document}$. The first term yields the exact commutative Schwinger mass with $\documentclass[12pt]{minimal}
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                \begin{document}$$\Pi (q^{2},e^{2})=\frac{e^{2}}{\pi q^{2}}$$\end{document}$ and the second term gives the noncommutative corrections to it. In the present section, we concentrate on the analysis of the second term in ([3.3](#Equ8){ref-type=""}) at two- and three-loop level.

Two-loop noncommutative correction {#Sec4}
----------------------------------

Two-loop order contains only one $\documentclass[12pt]{minimal}
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                \begin{document}$$\theta $$\end{document}$-dependent diagram which is shown in Fig. [2](#Fig2){ref-type="fig"}. Here and in all figures of the paper, it is notable that a small circle oriented with pink arrows indicates a twist and does not show a fermionic loop. The Feynman form related to Fig. [2](#Fig2){ref-type="fig"} is given by$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&\Pi _{\mu \nu }^{(2)}|_{nc}=e^{4}\int \frac{d^{2}p}{(2\pi )^{2}}\frac{d^{2}k}{(2\pi )^{2}} \frac{1}{k^{2}} e^{-ik\theta q}\,tr\nonumber \\&\quad \times \bigg (\gamma _{\mu } \frac{1}{({\not }q+{\not }p)} \gamma ^{\rho }\frac{1}{({\not }q+{\not }p+{\not }k)} \gamma _{\nu }\frac{1}{({\not }p+{\not }k)}\gamma _{\rho } \frac{1}{{\not }p}\bigg ), \end{aligned}$$\end{document}$$which in the light-cone coordinates leads to the following:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&\Pi _{--}^{(2)}|_{nc}= e^{4}\nonumber \\&\quad \times \int \frac{dp_{-}dp_{+}}{(2\pi )^{2}}\frac{dk_{+}dk_{-}}{(2\pi )^{2}} \frac{g^{+-}e^{-ik\theta q}{\mathcal N}}{k^{2}_{-}(q+p)^{2}(q+p+k)^{2}(p+k)^{2}p^{2}},\nonumber \\ \end{aligned}$$\end{document}$$where$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} {\mathcal N}=tr(\gamma _{-} ({\not }q+{\not }p)\gamma _{-}({\not }q+ {\not }p+{\not }k) \gamma _{-}({\not }p+{\not }k)\gamma _{-} {\not }p ), \end{aligned}$$\end{document}$$and $\documentclass[12pt]{minimal}
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                \begin{document}$$k\theta q=\theta _{\mu \nu }k_{\mu }q_{\nu }=\frac{i\theta }{2}(k_{+}q_{-}-k_{-}q_{+})$$\end{document}$. Using the explicit matrix form of $\documentclass[12pt]{minimal}
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                \begin{document}$$\gamma _{-}$$\end{document}$ is useful to find the trace of the fermionic loop in a simple way (see Appendix A for more details). Therefore, the value of $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal N}$$\end{document}$ is obtained as$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} {\mathcal N}= 2^{4}(p+q)_{-}(p+q+k)_{-}(p+k)_{-}p_{-}. \end{aligned}$$\end{document}$$Putting ([3.7](#Equ12){ref-type=""}) in ([3.5](#Equ10){ref-type=""}), we have$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&\Pi _{--}^{(2)}|_{nc}=8 e^{4}\nonumber \\&\quad \times \int \frac{dp_{-}dp_{+}}{(2\pi )^{2}}\frac{dk_{+}dk_{-}}{(2\pi )^{2}} \frac{e^{-ik\theta q}(p+q)_{-}(p+q+k)_{-}(p+k)_{-}p_{-}}{k^{2}_{-}(q+p)^{2}(q+p+k)^{2}(p+k)^{2}p^{2}},\nonumber \\ \end{aligned}$$\end{document}$$that is rewritten as$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \Pi _{--}^{(2)}|_{nc}= 8e^{4}\int \frac{dk_{+}}{2\pi }\frac{dk_{-}}{2\pi } \frac{1}{k_{-}^{2}} e^{-ik\theta q}{\mathcal E}, \end{aligned}$$\end{document}$$with$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} {\mathcal E}=\int \frac{dp_{-}}{2\pi }\frac{dp_{+}}{2\pi }\frac{1}{(p+q)_{+}(p+q+k)_{+} (p+k)_{+}p_{+}}.\nonumber \\ \end{aligned}$$\end{document}$$The produced phase factor in ([3.9](#Equ14){ref-type=""}) is independent of the fermionic-loop momentum; hence the integral over $\documentclass[12pt]{minimal}
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                \begin{document}$$p$$\end{document}$ can be evaluated separately. Fig. 2Relevant two-loop diagram

To simplify ([3.10](#Equ15){ref-type=""}), we decompose the fraction into partial fractions to reduce the degree of the denominator. The first step of the decomposition results in$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} {\mathcal E}&= \int \frac{dp_{-}}{2\pi }\frac{dp_{+}}{2\pi } \frac{1}{k^{2}_{+}}\bigg [\frac{1}{(p+q)_{+}}-\frac{1}{(p+q+k)_{+}}\bigg ]\nonumber \\&\times \bigg [\frac{1}{p_{+}}-\frac{1}{(p+k)_{+}}\bigg ]. \end{aligned}$$\end{document}$$Performing the complete decomposition produces the final expression as$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} {\mathcal E}&= \int \frac{dp_{-}}{2\pi }\frac{ dp_{+}}{2\pi } \frac{1}{k^{2}_{+}} \bigg \{ \frac{1}{q_{+}}\bigg [\frac{1}{p_{+}}-\frac{1}{(p+q)_{+}}\bigg ]\nonumber \\&-\frac{1}{(k-q)_{+}}\bigg [\frac{1}{(p+q)_{+}}-\frac{1}{(p+k)_{+}}\bigg ]\nonumber \\&-\frac{1}{(k+q)_{+}}\bigg [\frac{1}{p_{+}}-\frac{1}{(p+q+k)_{+}}\bigg ]\nonumber \\&+\frac{1}{q_{+}}\bigg [\frac{1}{(p+k)_{+}}-\frac{1}{(p+q+k)_{+}}\bigg ]\bigg \}. \end{aligned}$$\end{document}$$According to the complex form of Green's theorem mentioned in \[[@CR18]\], it is deduced that the $\documentclass[12pt]{minimal}
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                \begin{document}$$p$$\end{document}$-integrals in each of the pairs separated in the parentheses vanish, namely $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal E}=0$$\end{document}$. Hence$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \Pi _{--}^{(2)}|_{nc}=0. \end{aligned}$$\end{document}$$If we use the electron mass as an infrared regulator, the obtained result remains unchanged. The detailed calculations with infrared regulator will be presented in Appendix B.

According to ([3.3](#Equ8){ref-type=""}), the commutative Schwinger mass remains free from the noncommutative correction at two-loop order. In what follows, this calculation will be extended to three-loop level of the quantum corrections.

Three-loop noncommutative correction {#Sec5}
------------------------------------

At three-loop order, unlike the two-loop case, there is more than one graph with $\documentclass[12pt]{minimal}
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                \begin{document}$$\theta $$\end{document}$-dependent phase factor. Some of these graphs have been represented in Fig. [3](#Fig3){ref-type="fig"}. The contributions related to the graphs (a), (b), and (c) of Fig. [3](#Fig3){ref-type="fig"} can be expressed as follows, respectively:Here dots refer to the other diagrams that appear in this order. Rewriting ([3.14](#Equ19){ref-type=""}) in the light-cone coordinates, we obtainwhereHaving applied the relations mentioned in Appendix A, the explicit forms of the quantities $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal N}_{a}$$\end{document}$ , $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal N}_{b}$$\end{document}$, and $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal N}_{c}$$\end{document}$ are given by$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} {\mathcal N}_{a}&= 2^{6} (p+q)_{-}(p+q+\ell )_{-}(p+q+\ell +k)_{-}\nonumber \\&\times (p+\ell +k)_{-}(p+k)_{-}p_{-},\nonumber \\ {\mathcal N}_{b}&= 2^{6} (p+q)_{-}(p+q+\ell )_{-}(p+q+\ell +k)_{-}\nonumber \\&\times (p+\ell +k)_{-}(p+\ell )_{-}p_{-},\nonumber \\ {\mathcal N}_{c}&= 2^{4}(p+q)_{-}(p+q+k)_{-}(p+k)_{-}p_{-}. \end{aligned}$$\end{document}$$Plugging them in ([3.15](#Equ20){ref-type=""}), we haveAs we see the phase factors appearing in ([3.18](#Equ23){ref-type=""}), similar to the two-loop calculation, are independent of the fermionic-loop momentum. It can be shown that the other graphs, which appeared at three-loop level, also have a fermionic-loop momentum-independent noncommutative phase factor. In fact, this property remains true for all of the diagrams at any order \[[@CR19]\]. Consequently, the $\documentclass[12pt]{minimal}
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All-loop noncommutative correction to the Schwinger mass {#Sec6}
========================================================

In this section, we generalize three-loop computation to all orders to obtain the exact mass spectrum. At $\documentclass[12pt]{minimal}
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In particular, we note that diagrams like those shown in Fig. [5](#Fig5){ref-type="fig"} with fermionic-loop insertion produce the noncommutative phase factors[2](#Fn2){ref-type="fn"} which are independent of the external fermionic-loop momentum. Hence, the evaluation of the integral over $\documentclass[12pt]{minimal}
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Noncommutative one-loop effective action {#Sec7}
========================================

The computation method used in two previous sections will be useful to simplify the photon's one-loop effective action in the noncommutative space. The one-loop effective action in the commutative space, $\documentclass[12pt]{minimal}
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The non-zero leading term in ([5.7](#Equ42){ref-type=""}) arises from $\documentclass[12pt]{minimal}
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Conclusion {#Sec8}
==========

In this paper, we have concentrated on the mass spectrum of the noncommutative Schwinger model with Euclidean signature at higher loops. It is demonstrated that the Schwinger mass receives no noncommutative corrections at all orders.

To prove this in a perturbative method, we have used the light-cone gauge to simplify the Lagrangian form. In this gauge, only the fermion--photon vertex remains and consequently the fermionic loops contribute to our calculations. Having fixed the gauge, the study of the noncommutative sector of the photon self-energy at two-, three-, and all-loop order has been performed.

At two- and three-loop level, the noncommutative parts of the photon self-energy were analyzed. Since the noncommutative phase factor appearing in the Feynman integrals is independent of the fermionic-loop momentum, the corresponding loop integral is easily evaluated. This analysis showed that the contributions from the $\documentclass[12pt]{minimal}
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                \begin{document}$$\theta $$\end{document}$-dependent graphs are zero. Hence, the commutative mass spectrum does not change at these orders. Then the calculation of Sect. [3](#Sec3){ref-type="sec"} was extended to all orders. Similar to two- and three-loop level, the noncommutative phase factor is independent of the fermionic-loop momentum and the resulting integral vanishes. This proves that the Schwinger mass remains intact at all orders in the noncommutative space.

The technique applied for computing the trace of the fermionic loops inspired us to study the relevant one-loop effective action. As a consequence, the exact one-loop effective action in the light-cone gauge with no noncommutative corrections was obtained.

Using the arguments of Sects. [3](#Sec3){ref-type="sec"} and [4](#Sec6){ref-type="sec"}, it is possible to extend the analysis of the one-loop effective action to all loops. It is easily shown that the all-loop photon's effective action, similar to the one-loop effective action, does not also receive noncommutative corrections. Although we have investigated in this paper only the photon sector, it would be interesting to do a similar analysis for the fermion self-energy and the running of coupling constant, in which case noncommutativity corrections are expected to appear.

Appendix A: Two-loop fermionic trace in the light-cone coordinates {#Sec9}
==================================================================

In this appendix, we present more details of the computation of the trace expression appearing in the relation ([3.6](#Equ11){ref-type=""}).$$\documentclass[12pt]{minimal}
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Appendix B: Two-loop photon self-energy with mass insertion {#Sec10}
===========================================================

Our purpose of the present appendix is to illustrate that the electron mass insertion as an infrared regulator does not change the result ([3.13](#Equ18){ref-type=""}). To prove this, let us start from the relation ([3.5](#Equ10){ref-type=""}) by rewriting it with the mass term$$\documentclass[12pt]{minimal}
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Inserting ([B.5](#Equ58){ref-type=""}) in ([B.1](#Equ54){ref-type=""}) and simplifying, we arrive at$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \Pi _{--}^{(2)}|_{nc}= 8e^{4}\int \frac{dk_{+}}{2\pi }\frac{dk_{-}}{2\pi } \frac{e^{-ik\theta q}}{k^{2}_{-}} {\mathcal E}_{_{m}}, \end{aligned}$$\end{document}$$where$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} {\mathcal E}_{_{m}}=\int \frac{dp_{-}}{2\pi }\frac{dp_{+}}{2\pi }\frac{1}{\left[ (p+q)_{+}-\frac{m^{2}}{(p+q)_{-}}\right] \left[ (p+q+k)_{+}-\frac{m^{2}}{(p+q+k)_{-}}\right] \left[ (p+k)_{+}-\frac{m^{2}}{(p+k)_{-}}\right] \left[ p_{+}-\frac{m^{2}}{p_{-}}\right] }. \end{aligned}$$\end{document}$$Decomposing the integrand of ([B.8](#Equ61){ref-type=""}) into partial fractions, we have$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned}&{\mathcal E}_{_{m}}=\int \frac{dp_{-}}{2\pi }\frac{dp_{+}}{2\pi } \left( \frac{1}{k_{+}+\frac{m^{2}k_{-}}{(p+q)_{-}(p+q+k)_{-}}}\right) \\&\quad \times \left( \frac{1}{(p+q)_{+}-\frac{m^{2}}{(p+q)_{-}}} -\frac{1}{(p+q+k)_{+}-\frac{m^{2}}{(p+q+k)_{-}}}\right) \\&\quad \times \left( \frac{1}{k_{+}+\frac{m^{2}k_{-}}{p_{-}(p+k)_{-}}}\right) \left( \frac{1}{p_{+}-\frac{m^{2}}{p_{-}}}-\frac{1}{(p+k)_{+}-\frac{m^{2}}{(p+k)_{-}}}\right) , \end{aligned}$$\end{document}$$which leads to the final result:$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} {\mathcal E}_{_{m}}&=\int \frac{dp_{-}}{2\pi }\frac{dp_{+}}{2\pi }\\&\times \left( \frac{1}{k_{+}+\frac{m^{2}k_{-}}{(p+q)_{-}(p+q+k)_{-}}}\right) \left( \frac{1}{k_{+}+\frac{m^{2}k_{-}}{p_{-}(p+k)_{-}}}\right) \\&\times \left\{ \left( \frac{1}{q_{+}+\frac{m^{2}q_{-}}{q_{-}(p+q)_{-}}}\right) \right. \\&\times \left. \left[ \frac{1}{p_{+}-\frac{m^{2}}{p_{-}}} -\frac{1}{(p+q)_{+}-\frac{m^{2}}{(p+q)_{-}}}\right] \right. \\&\left. -\left( \frac{1}{(k-q)_{+}+\frac{m^{2}(k-q)_{-}}{(p+q)_{-}(p+k)_{-}}}\right) \right. \\&\left. \times \left[ \frac{1}{(p+q)_{+}-\frac{m^{2}}{(p+q)_{-}}} -\frac{1}{(p+k)_{+}-\frac{m^{2}}{(p+k)_{-}}}\right] \right. \\&\left. -\left( \frac{1}{(k+q)_{+}+\frac{m^{2}(k+q)_{-}}{p_{-}(p+q+k)_{-}}}\right) \right. \\&\left. \times \left[ \frac{1}{p_{+}-\frac{m^{2}}{p_{-}}} -\frac{1}{(p+q+k)_{+}-\frac{m^{2}}{(p+q+k)_{-}}}\right] \right. \\&\left. +\left( \frac{1}{q_{+}+\frac{m^{2}q_{-}}{(p+k)_{-}(p+q+k)_{-}}}\right) \right. \\&\left. \times \left[ \frac{1}{(p+k)_{+}-\frac{m^{2}}{(p+k)_{-}}}-\frac{1}{(p+q+k)_{+}-\frac{m^{2}}{(p+q+k)_{-}}}\right] \right\} . \end{aligned}$$\end{document}$$Using the complex version of Green's theorem yields $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal E}_{_{m}}=0$$\end{document}$ and consequently $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Pi _{--}^{(2)}|_{nc}=0$$\end{document}$.

Here we work in Feynman gauge.

The noncommutative phase factors related to the graphs (a) and (b) in Fig. [5](#Fig5){ref-type="fig"} are $\documentclass[12pt]{minimal}
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